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Abstract

We present the FSDAFprward Search forData Analysis) toolbox, a new soft-
ware library that extends MATLAB and its Statistics Toolltoxsupport a robust and
efficient analysis of complex datasets, affected by diffesources of heterogeneity.

As the name of the library indicates, the project was borurdothe Forward
Search approach, but it has evolved to include the mairtitwadi robust multivariate
and regression techniques, including LMS, LTS, MCD, MVE, Mkd S estimation.

To address problems where data deviate from typical modahagtions, tools are
available for robust data transformation and robust moelecction.

When different views of the data are available, e.g. a sgdtteof units and a
plot of distances of such units from a fitted model, FSDA lisksh views and offers
the possibility to interact with them. For example, selmusi of objects in a plot are
highlighted in the other plots. This considerably simpéifibe exploration of the data
in view of extracting information and detecting patterns.

We show the potential of the FSDA in chemometrics using data themical and
pharmaceutical problems, where the presence of outlieslfiphe groups, deviations
from normality and other complex structures are not exoepti circumstances.
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1 Introduction

With this paper we present to the chemometrics community gasise software which
drastically simplifies the conduct of rigorous multivaeagtatistical analyses, which are
necessary to address properly datasets and problems tlatr@duce in Section 2.

The software is the FSDAFprward Search forDataAnalysis) toolbo, that extends
MATLAB ? and its Statistics Toolbox to support a robust and efficieatysis of complex
datasets, affected by different sources of heterogen®lyen data deviate from typical
model assumptions, e.g. multivariate normality, toolsarailable to automatically esti-
mate the most appropriate transformation type, in a wayighaibust to the presence of
outliers. For the same purpose, model selection tools amealailable. As the name of
the toolbox indicates, the project was born around the Fah8aarch approach, for which
details are given in the books of Atkinson and Riani (200@) Atkinson, Riani, and Ce-
rioli (2004) and in the recent discussion paper of AtkinsBmni, and Cerioli (2010).
However, the project has evolved to include the main tradéi robust multivariate and
regression techniques, including LMS, LTS, MCD, MVE, MM a@@stimation. There are
several excellent introductions to robust statistics wapiplications of a chemometric na-
ture e.g., just to cite a few, Rousseeuw (1991), Rousseeehruyne, Engelen, and Hubert
(2006), Daszykowski, Kaczmarek, Heyden, and Walczak (2@6d Filzmoser, Serneels,
Maronna, and Espen (2009). Therefore, this paper will dest¢he use of the main FSDA
functions, but will not elaborate on the statistical pragsrof the implemented methods.

The choice of a commercial platform such as MATLAB is sometmna source of crit-
icism, especially from the part of the statistical commyigjtavitating around R On the
other hand, while it is widely recognized that users showadehthe possibility to inter-
act with the data represented in the static or dynamic plotsaditional exploratory data
analysis, to our knowledge MATLAB is currently the only emrment withbuilt-in* in-
teractive data exploration features. In the FSDA we fullplek and even extend such
features, by connecting graphs where the objects repegsané logically connected but
have no variable in common (e.g. a scatterplot of units aridtaopdistances of such units
from a fitted model).

Other robust statistics software proposed to the chemasatommunity in recent
years are LIBRA (Verboven and Hubert (2005) and Verboven ldadert (2010)) and
TOMCAT (Daszykowski, Serneels, Kaczmarek, Espen, Crond,\Walczak (2007)), both
written in MATLAB. For the R environment we mention CHEMOMRICS and RRCOV,
discussed very recently by Filzmoser and Todorov (2011)MTAT addresses method-
ologies that are not covered by FSDA, being more focused aoi@ms where the number
of variables exceeds the number of observations. LIBRA &idA-have a wider scope
but, while the first is mainly centred on LTS and MCD estimatithe latter addresses a
number of other common robust methods.

The focus of the paper is on the distinctive features of FS&u&h as (i) the attention
given to the documentation system fully integrated with M&TLAB help, (ii) the care

1FSDA is copyright of the European Commission and the Unitiersf Parma. It is protected under
European Union Public Licence (EUPL), which is a free sofeniecense granting recipients rights to modify
and redistribute the code. The logo, visible in Figure 2,lbeen trademarked.

2MATLAB is (©1984 - 2011 The MathWorks, Inc. Sktp://www.mathworks.com

3The R project for statistical computingttp://www.r-project.org/

4The R community has developed some interfacexternalinteractive graphlcs systems, such as GGobi
(http://www.ggobi.org ) and the Java library iPlotéitp://www.iplots.org ).
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given to computational performance, (iii) the tools for dymc interaction with a number
of exploratory plots, (iv) robust model selection tools gafdautomatic determination of
transformations in regression and multivariate analysitead, above all, (vi) a compre-
hensive set of robust multivariate and regression methaoid®ewin a unified framework.
After introducing some common issues in chemometric appbas (Section 2), we
describe the main architectural features of FSDA, i.e. taopm requirements in Section
3 and some computational aspects in Section 4. These arderosed by Section 7, that
addresses scalability issues that we plan to address inetirefuture in view of applica-
tions to large datasets. The core of the paper is Sectionsgrideng the use of the main
statistical functions in FSDA. In particular, Section 6Mroduces the general interactive
paradigms that we are progressively extending to all FSCaplgical outputs, beyond the
Forward Search plots. Since it is rare that to familiaristhvei new software instrument
and explore all its features one uses his/her own data,dpestdescribes how to use the
datasets incorporated in FSDA. As is customary, a sectiaomélusions closes the paper.

2 |ssuesin bio-chemical data

Datasets coming from chemical and pharmaceutical probtamde very complex. Con-
sider for example a chemical analysis of serum samples fatana number of individuals
following a standardized bioanalytical format. There asenponents in a chemical assay
which are rather standard (e.g. reagents), but others seadgslepend on the specific ex-
perimental and environmental conditions of the assay. thtiat, to reduce subjectivity,
the analysis of each sample is often replicated by diffeppetators over different days.

This gives rise to complex datasets possibly affected blyepsitand observations from
multiple populations. In addition, it is rather typical thene or more variables needs to
be transformed in order to comply with the common model agdioms of a statistical
analysis, e.g. multivariate normality.

Figure 1 shows two examples of such datasets coming fromtamational pharma-
ceutical company now included in the FSDA data repository. In both casescthee 50
units (chemical measurements on serum samples taken frdtiplegroups of 50 individ-
uals). The first dataset has 17 variables and the secondd2aoable for each replicate of
measurements on the individuals. We will call the two dataB&17 and DS12. To make
the two plots intelligible we report only 9 pairs of variablevioreover, we highlight data
from potentially different populations (due to differentperimental settings of different
groups of individuals) with different symbols. We obserkattin DS17 the variables are
very correlated, while in DS12 the correlation is not at &Vious. Moreover in DS12 the
three groups, corresponding to three different plates evkie® serum samples were ana-
lyzed, are quite distinct and this has to be taken into adcédmthe other hand, in DS17 it
is not clear whether the two overlapping groups, correspanih samples from male and
female individuals, have to be treated as a unique populatio

The regulatory pharmaceutical authorities recommendatissitally validate a given
chemical assay, to be sure that it will reliably detect agifeetor of interest in real clinical
trials and tests. Typically, the statistical validatiocludes the determination ofcut off
point of the assaywhich is the multivariate (or univariate) threshold abeviech a unit

>Merck Serono Non-Clinical Development, Biomedical Reskdnstitute RBM S.p.A., Colleretto Gia-
cosa, Italy.



(or an individual measurement) is considered positive. @irse the determination of the
cut off point must be based on data coming from samples ofithaials not exposed to the
agent or drug responsible for the factor to be detected {ivegaontrol samples).

Clearly, if a dataset includes multiple groups as in DS124ngls cut off point is in-
adequate. Thus, it is necessary to understand whether we #re presence of a single
population or there are multiple groups. Sometimes, as ibD®ese groups can be easily
explained by the controlled experimental conditions. ©thmes multiple groups and/or
outliers that may distort the estimation of the cut off paupipear unexpectedly. Often,
the presence of multiple distinct groups and outliers inpggedly negative control sam-
ples, may be an indication that the chemical assay shoule-designed, and the statistical
analysis postponed to when better data become available.

The statistical recommendations of regulatory authariibe the validation phase often
try to compromise between optimal and simple (in the sensasy to implement and con-
trollable by non specialists) statistics. For example aaand al. (2008), in discussing
the validation of immunoassay used for anti-drug antibedietection (DS17 and DS12
refer to such problem), propose to treat data separataigbla by variable, using a uni-
variate perspective. Coherently with this choice, theyppee the use of the traditional
boxplots to detect anomalous values, possibly after Itgaic transformation in case of
non normality of the data, which is checked using well knowut (sensitive to outliers)
tests such as the Shapiro-Wilks. As result of this approaehhave for each variable a
different number of measurements declared as outliersstipposedly normal clean data
are successively combined into a single measurement usingpde arithmetic mean to de-
termine the cut off point. Otherwise, if some of the variatdee not normally distributed,
an appropriate empirical percentile is proposed.

Clearly, in doing so one may lose relevant information, sashhe high correlation
between the variables of DS17 and the group structure of P8&’h require multivari-
ate statistical tools. In addition, it is well known that imetpresence of several outliers
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Figure 1: A partial view of two complex biochemical datasétsth with 50 units. DS17
(left panel) has 17 variables. The two symbols distinguestaieen male and female serum
samples. DS12 (right panel) has 12 variables. In this casgdium samples were analyzed
using three different plates identified by different synshdlhe 9 pairs of variables chosen
for the two plots show patterns which are also characterdgtthe remaining undisplayed
variable pairs.



the phenomenon of masking may completely invalidate thissstal estimates (e.g. the
normality test itself) and the final cut off points. Shankadal. (2008) seem to be well
aware of these problems when they write (p. 1269, Sectiorfilssparagraph) “... These
statistical computations can be appligih the help of user-friendly commercial software
without the need of a formal training in statistics. Howevke assistance of a statistician
for planning validation experiments and analyses of datdezd to the application @hore
rigorous and elegant statisti¢than suggested herein. ...".

In the following sections we try to demonstrate that the FSBélbox meets the two
general requirements mentioned by Shankar and al. (2008heoone hand it offers the
possibility to apply rigorous robust multivariate statiat tools and, on the other hand, it
makes this task simple by means of user friendly and well ohented tools.

3 Architecture

FSDA works from the release R2009b of MATLARBNd uses the Statistics toolbox. Our
software has been tested on Microsoft as well as Unix (Limck BacOsX) platforms.
Moreover all routines, with the exception of the interagtgraphical tools, seem to work
without major changes in SCILAB and OCTAVE.

We have made use of few third parties general utility funtdidn addition, our imple-
mentation of the traditional robust estimators (S, MM, MMitlaViCD) follows the lines
of the R code developed during the years by many authors

On MS Windows, a setup program installs the code, updatag&ié.AB search path
variable and automatically opens inside the editor two {g@amples _multivariate.m
andexamples _regression.m ) containing a series of examples of analysis of regres-
sion and multivariate datasets organized in cells that eaxbcuted one by one by the user
for an overview of the FSDA functions and options. On Unixtfgdans the software has
to be installed manually from a compressed tar-file. Thegssditware and the compressed
tar-file can be downloaded from the FSDA web-dititp://fsda.jrc.ec.europa.eu ,
also accessible fromttp://www.riani.itt MATLAB

Three graphical user interfaces (GUI) accessible from taedard ‘Start’ button of
MATLAB, allow one to explore the main interactive featurdd=&DA on plots generated
by running the different robust estimators available orresgion and multivariate prob-
lems, including transformations (Figure 2). The GUIs asmalccessible as m-files in the
\examples subfolder. Other didactic material, also accessible froen'Start’ button as
FSDADemosis available in the form of movies (with audio) that can be iua browser
connected to the Internet.

The FSDA has a comprehensive documentation system. Ofedtheshead of each
mfunction describes the function purpose, the input-ougauameters, the bibliographic
references, possible function dependencies, any thitgt paknowledgment and some self
contained examples of use. In addition, even more extedsimementation on each FSDA
function can be obtained directly from where the user is waykising the standard ‘Func-

6To work with previous releases adjustments are necessagxample on the syntax for ignoring unused

function inputs and outputs (e.g. the tilde symbolir, idx] = sort(A) should be replaced with
[unusedvar, idx] = sort(A) ).

’See the R libraryobustbase, http://robustbase.r-forge.r-project.org/ and the
websitehttp://www.econ.kuleuven.be/public/NDBAEO6/programs /.



u Example of robust dynamic brushing starting from the monitoring residuals plot =2 =] || Example of robust dynamic brushing starting from the FAN plot = | L=

File Edit View Insert Tools Desktop Window Help kl File Edit View Insert Tools Desktop Window Help o

() Forbes dataset ) Wool dataset

To explore how dynamic brushing works, select one of the radio To explore how dynamic brushing works, select one of the radio
buttons on the left. buttons on the left.
) Muttiple regression dataset " Stack loss dataset

The monitoring of the residuals plot together with the minimum The fan plot will appear automatically

(2 Multple regression dataset2 | joletion residual plot 7 Loyaty cards The points associated with the trajectories you select
will appear automatically in the fan plot will also be automatically highlighted in the plots of
() Hawkins dataset The points associated with the trajectories you select in the plot monitoring residuals and in the scatter plot matrix

of scaled residuals

_ will also be automatically highlighted in the plots of
(0 Stack loss dalaset (y) minimum deletion residual and in the scatter plot matrix To produce the FAN plat in order to decide which is the most
appropriate value of BOX-COX lambda, type:

() Stack loss dataset (sqrt y)

To manitor the residuals and the minimum deletion residual with [out]=FSRfan(y.X)
your own data, type:
fanplot{out)
":';/// [out]=LXS(yX); to find a robust initial subset %}
== [out]=FSRedaly_X out bs); To run the forward search é)“‘—-— See file "examples.m” or the help files of the above functions for
FSDF\ mdrplot(out): To plat the minimum deletion residual FSDIE\ more information
resplot{out); To plot the scaled squared residuals
See file "examples.m” or the help files of the above functions for | Close
more information e e
[ Close all plots but current GuI |

Figure 2: Graphical User Interfaces, accessible from thedstrd 'Start’ button of MAT-
LAB, which demonstrate how FSDA can be used to analyze regmeproblems (left) or
to find the best transformation for a given dataset (right).

tion Browser’ of MATLAB, which is activated by typinghift+F1 . For example, Figure

3 shows what the user gets on typing “robust regression” tft@help menu and selecting
the entry “LXS (FSDA)". The same extensive documentaticals® browsable and search-
able in the standard help pages of MATLAB, accessible froerugual ‘Help’ menu. In the
help pages we have also integrated both an informal and aitatintroduction to robust
statistics and the Forward Search (see left panel of Figuamd a detailed description of
a collection of popular regression and multivariate ddatasehe datasets are stored under
subfolder\datasets

4 Computational performance aspects

Computational performance is very important if there amg dwllections of datasets to
analyse or extensive benchmarks to run for a standardizpdieat assessment of different
statistical methods. With this in mind, in developing FSDvg carefully address different
optimization aspects.

e As a standard practice, the execution times of the key fanstare profiled to iden-
tify critical code segments. Loops are possibly replaceith wiatrix or array op-
erations and convenient data types are chosen for largesttataures. For some
demanding combinatorial functions (e.g. the binomial iceiht), FSDA chooses
automatically the algorithm to run on the basis of a tradebefween computation
time and storage requirements.

e Almost all algorithms of robust statistics spend a lot of panation time on re-
sampling and computing estimates on the subsamples. FS&asefficient ran-
dom sample generation strategy, implemented by funstidosets.m , which dra-
matically drops the execution time of the robust algorithFe example, in a dataset
of sizen = 200 with 5 explanatory variable® (= 5), to compute the estimate of the
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J* MMregcore (FSDA) MM estimators in linear regres.. -| | . | .
MATLAB, FSDA Toolbox, MATLAE Compiler. Statistics Toolbox i3] Gpen Help Browaer F1 12 toggle focus Escape o close

Figure 3: FSDA documentation is integrated in the standamt&on Browser of MAT-

LAB. Here, a search for “robust regression” has retrievechg from both the Statistics
(stats) and FSDA toolboxes (left plot). Among such itemghéd user selects the FSDA
function “LXS”, its documentation is automatically dispéd in a separate window (right

plot).

@ Help .- e - - | — |L= [ ) |
File Edit View Go Favorites Desktop Window Help ]
Search p-|a |4 = 25 &+ FDAToolbox » Introduction to robust statistics -
Contents | Search Results! |§|
+@ MATLAB FSDA toolbox M
=67 FSDA Toolbox Pravidz fezdback an FSDA toalhax

= & Introduction to robust statistics . L.
- The current state of robustness Introduction to Robust Statistics
“The future of robustness Awareness of outliers in some form or another has existed for at
-@ Technical introduction to robust statistics in regression least 2000 years. Thucydides, in his third book about the
@ Technical introduction to robust statistics in multivariate analysis ||| Peloponnesian War (111 20, 3-4), describes how the Plataeans used
=@ Introduction to the forward search philosophy of data analysis in 423 BC concepts of robust statistics in order to estimate the
“~Forward search in linear regression height of the ladder which was needed to overcome the fortifications
" Forward search in multivariate data analylsis built by the Peloponnesians and the Boeotians who were besieging
@ Product Overview their city.
& User Guide “The same winter the Plataeans, who were still being besieged by
- fx Functions the Pelopannesians and Boeotians, distressed by the failure of their
v Examples provisions, and seeing no hope of relief from Athens, nor any other
-y Demos means of safety, formed a scheme with the Athenians besieged with
- Release Notes them for escaping, if possible, by forcing their way over the enemy’'s
& Statistics Toolbox walls; the attempt having been suggested by Theaenetus, son of
Tolmides, a soothsayer, and Eupompides, son of Daimachus, one of
their generals. At first all were to join: afterwards, half hung back,

Figure 4: FSDA documentation is integrated in the standagtp Henu of MATLAB.
Here, the user is browsing the introductory section on rostagistics.



vector of regression coefficients using Least Trimmed Sepi@i 1) after extracting
20,000 different subsets, it takes less than two seconds 208 GHz Intel CPU).

Our re-sampling strategy critically depends on combinatdunctions such as the
binomial coefficient and the lexicographic generation b€aimbinations. Tradition-
ally combinatorial objects are built using recursive oratese algorithms. We have
re-designed these algorithms to exploit the way MATLAB setoand manipulates
matrices, with a sometimes extraordinary computationial. géor example, our lex-
icographic generation of the matrix of all combinatiossrfibsFS.m), which we
populate by visiting portions of columns rather than setjaéiy one row after the
other, is about 75 times faster than the native MATLAB impésitation Ccombs.m
contained imchoosek.m ). Moreover, given that our implementation uses the stor-
age resources more parsimoniouslymbsFS.m works well for combinations of
andp that breaknchoosek due to memory fault.

A last combinatorial function intensively used by robustgadures is the random
permutation of the elements of a veétoFunctionshuffling.m in FSDA, uses
the shuffling algorithm by Knuth (1997), p. 145 - 146, whictbased on a much
older method of Fisher and Yates (1963). This turned out tombee efficient than
the native MATLAB solution, based on a complete sorting o tlector elements
(functionrandperm.m ).

In the R community it is quite common to accelerate code eti@tilpy compiling criti-
cal segments developed in C or C++ and linking them to an Rrarog MATLAB offers

a similar instrument, consisting in compilimyfunctions into dynamically linked binary
mex-files. However, to distribute and maintain CPU dependededs not practical and
requires recompilation whenever the sources are modifiedtheése reasons, FSDA is ex-
clusively based on MATLAB code. Nonetheless, users aretfreempile specific portions
of code to address specific demanding needs.

5 Datasets

FSDA includes a rich collection of popular datasets (cutyesbout 50) that can be used
for familiarize with the toolbox functions and replicateaeples of the robust literature.
The collection includes the multivariate and regressidiaskts in the books of Atkinson
and Riani (2000) and Atkinson, Riani, and Cerioli (2004 )vesal datasets of the book
of Maronna, Martin, and Yohai (2006) and a series of otheaskts used in the robust
literature.

The datasets are provided in different formats.

e Tab separated data filext file). In this case, to load a data set into the MATLAB
workspace, the user has to tydead datasetname.txt . This will load the
original txt file into a standard data matrix.

e Data structure, contained insideraat file, which is loaded in the workspace by
typing load datasetname.mat . This complements the data matrix (stored in

8For example, if a subset is thought to be singular, it is iaseg taking one unit from a random permuta-
tion of the remaining units, until it becomes non singular.



datasetname.data ) with the variable and observation namdatasetname.colnames
anddatasetname.rownames )and data specific notedqtasetname.notes ).

e Cell and Dataset structures, which can be loaded by tylped) datasetnameC
andload datasetnameD  respectively.

6 Functions

FSDA contains four main categories of functions: robustdinregression and transfor-
mations, robust multivariate analysis and transformatioobust model selection, and dy-
namic statistical visualization. Following the classidatumentation style of MATLAB,
all FSDA functions can be browsed alphabetically and bygmatein the FSDA ‘Function
Reference’ help section, of which Figure 5 shows the categdinks (left panel) and the
part reached by clicking on the ‘Robust Model Selectiorklfright panel).

This section describes the implemented methods very hrggflgn that a more formal
introduction is available in the FSDA help pages titled fieical introduction ta . .” and,
of course, in the specialized literature. In this sectiorgive more details to the functions
and methods which give insights on the biopharmaceuticdlpms discussed in Shankar
and al. (2008). We use datasets DS17 and DS12 as examplestmtke the use and the
potential benefits of FSDA in the chemometrics world.

6.1 Input-output parameters

For many functions the set of input-output parameters igcéainat it is not convenient nor
possible to treat them comprehensively here. Details oreeifspoption can be however
retrieved from our FSDA documentation by typidgcsearch(‘option _name’) in
the MATLAB Command Window. The order with which the optiomgbut parameters are
set does not matter.

Typically, even a well trained practitioner will make use®eiv of the optional parame-
ters available. On the other hand, a researcher will havpdhsibility to experiment with

4m = - | fc » FSDAToolbox » Functions » i 4m = £~ | fc » FSDAToolbox » Functions »
FSDA Toolbox [ Robust Model Selection
Function Reference » Alphadstical Lis
FSRaddt Forward added t-tests for each explanatory variable
Erouids feedhack on FSDA toolhnx. FSRcp Forward Cp for models of interest
Dynamic Statistical Visualization Automatic linking of forward plots ESRms Robust model selection using Cp
Robust Regression Analysis Robust linear regression and transformations
Model selection Robust model selection in linear regression. Backto Tof
Multivariate Methods Robust mulivariate methods and transformations Robust multivariate analysis and transformations
GUls. Interactive demo tools with GUIs ESM Forward search in multivariate analysis with automnatic outlier
Utilities General purpose detection proeadure ‘
ESMeda Forward search in multivariate analysis with with exploratory
data analysis purposes
Dynamic Statistical Visualization
Theoretical envelopes of minimum Mahalanobis distance
ESMenvmmd teide stibsatd th h
cdsplot Candlestick plot for robust model selection SUtElng subsel cLnngLIe:sears
fanplot Forward plot of the monitoring of the score test statistic for ESfan Fan plot in muttivariate analysis
transformation for different values of the Box Cox transformation Stores minimum Mahalanobis distance and other basic
parameter EsSMmmd uariies
levplot Plots the trajectories of leverage along the search FShtra Maximum likelinood estimates of transformation parameters.
malplot Plots the trajectories of Mahalanobis distances along the search minscale S estimators of the scale.
Plots the traiectorv of minimum deletion residual fmdr) alona the = MM estimaters in millfivarriate analvsis (usina S estimators as

Figure 5: The FSDA functions are organized in thematic aaieg. The two snapshots in
the figure show how these are documented.
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many internal variables controlled by optional parameterthout being forced to touch
the source codes. The use of very flexible and thus elaboogtizhs is simplified by the
adoption of data types of increasing complexity. For exangptiondatabrush  controls
the interactive brushing features of our dynamic stasticsualization tools (see Section
6.4), but a user may simply want to plot their traditionaladéf version. In this case, it will
not be necessary to instantiate optatatabrush . To make a single selection, it will be
set to a scalar (e.gdatabrush=1 ). To make an indefinite number of selections, it will
have to be a structure withpeersist ~ field set to ‘on’ atabrush.persist="on’ )

In general, when an option becomes a structure, the listsdipke fields will be automati-
cally set to default values and the user will only have to dstis of interest.

The output parameters are dealt with by the same princighenva function generates
a lot of information, this is organized in an output struetso that the user can extract only
fields of major interest. As an example see the left panelguiféi 6.

Finally, at the end of each function help page, as is custpmmathe MATLAB doc-
umentation system, we included a series of code segmenthwdmce selected, can be
immediately executed by typing F9. In this way the user canseeal time what he finds
in the documentation. See for example right panel of Figure 6

6.2 Robust multivariate analysis and transfor mations.

The normal distribution, perhaps following data transfation, has a central place in the
analysis of multivariate data. Mahalanobis distancesigeothe standard test for outliers
in such data. However, it is well known that the estimatesiefrhean and covariance ma-
trix found by using all the data are extremely sensitive ® fhesence of outliers. When
there are many outliers the parameter estimates may be teoteldsthat the outliers are
‘masked’ and the Mahalanobis distances fail to reveal arlyens, or indicate as outlying
observations that are not in fact so. Accordingly, severaéarchers have suggested the
use of robust parameter estimates for the mean and the aogarmatrix in the calcula-
tion of the distances. For example, Rousseeuw and van Zon(&@90) used minimum

4m =) % | fr » FSDATeolbox b Functions » Robust linear regression and transformations » LXS - m|sh %~ | fx » FSDAToolbox b Functions » Robust linear regression and transformations » LXS
% LMS with reweighting

[out] = LXS(vy,X) returns the following information
[outIMSr]=LXS(y, X, 'nsamp',nsamp, 'conflev', conflev
sout — A structure of additional statistics with the h=subplot(2,2,3);
following fields. = lapy="'Scaled reweighted LMS residuals';
orew — Scalar if out.rew=1 all subsequent output residualplot (outLMSr.residuals, 'h', h, 'title', titl,
refers to reweighted else no reweighting is done.
obeta — p-by-1 vector of beta LTS (LMS) coefficient % LTS with reweighting

[outLTSr]=LXS (v, X, 'nsamp ', nsamp, 'conflev', conflev
h=subplot(2,2,4);

laby="sScaled reweighted LTS residuals';
residualplot (outLTSr.residuals, 'h', h, "title", titl,

estimates, including the intercept when input
options intercept is equal to 1 or it is missing.
out.beta=[intercept slopes].
obs — p-by-1 vector containing the units forming
subset associated with beta LMS (beta LTS) In this example only the reweighted LTS seems to detect
oresiduals — n-by-1 vector containing the half of the outlier with a Bonferroni significance level.
standardized residuals from the robust regression
nScale — Scale estimate of the residuals
oweights — n-by-1 Boolean vector containing
weights for each observations. The elements of this
vector are 0 or 1. Elements with 0 values are i

»
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Figure 6: Example of a function documentation (LXS). The pefnel shows some fields
of the out structure returned by LXS. The right panel shows code setgrbat, once

selected, can be executed by typing F9, to reproduce theotfypetput (graphical in this

case) documented in the help page.
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volume ellipsoid (MVE) estimators of both parameters in ¢héulation of Mahalanobis
distances. More recent work such as Pison, Van Aelst, anigwsl (2002) or Hardin and
Rocke (2005) uses the minimum covariance determinant (M&Djmator discussed in
Rousseeuw and Van Driessen (1999).

In chemometrics, which has continuously to do with repeaggulications of a statisti-
cal procedure to multiple samples, the remark of Cook andkitesy(1990) on the fact that
the procedure of Rousseeuw and van Zomeren (1990) may finligtsweverywhere” is of
high relevance. The implication is that the size of the eutiest may be very much larger
than the nominal 5% or 1%. In fact, many of these methods asiguled to test whether
individual observations are outlying. As do Becker and @a{ti999), we, however, stress
the importance of multiple outlier testing and focus on dtaneous tests of outlyingness.
Therefore, in FSDA we develop methods that are mainly irenavhen the samples are
multivariate normal, to find outliers in% of the datasets.

Given the above, in FSDA we have included the following bst&/multivariate proce-
dures.

6.2.1 unibiv

unibiv  implements robust univariate and bivariate analysis. Robiwariate ellipses (to-
gether with univariate boxplots) are constructed for eahgf variables and it is possible
to analyze the units falling outside these robust bivacatgours. Figure 7 shows the ap-
plication of the function to the variables X3 and X13 of data317. The plot is generated
by calling function

-5 -5
1 -5 0 5
X13
+ 25
4

Figure 7: Robust univariate boxplots and bivariate ellifisevariables X3 and X13 of
dataset D17, generated using functionbiv.m

11



[out] = unibiv([X(:,3) X(;,13)], ...
'rf’,0.99,’plots’,1,'textlab’,1);

where the optional parametdr specifies the confidence level of the robust bivariate el-
lipse (0.99 means that the ellipse leaves outside 1% of theesainder normal condi-
tions), whileplots andtextlab  are set to 1 respectively to request the generation of
the plot and to display labels associated with the units wiaiee univariate outliers or
which are outside the confidence levels of the contours. énetkampleunibiv  has
used a robust estimate of correlation and dispersion ofwtbevairiables. Other possibili-
ties are available by changing the optional parametbscale . Besidesunibiv has
preliminarily standardized each variable, sayusing the median and the scaled MAD:
(x — mediariz))/(1.4815 - madz)). With the optional parametenadcoef , it is possible

to standardize the data using alternative measures ofdocand scale.

If the function is run on the full set made up of 17 variablég, plot would be hard to
interpret, but the outpwdut would provide a synthesis of the application of univariatd a
bivariate analyses in a matrix containing the unit indexies,number of times each unit
has been declared a univariate or bivariate outlier. Fomg@ka, using the full dataset unit
25 is always declared a univariate outlier or a bivariatéienun 90.44% of the cases, while
unit 50 is declared as a univariate outlier 15 times and 3%.8fes as a bivariate outlier.

6.22 FSM

It is clear that univariate or pair-wise approaches to cexphd correlated data may lead
to partial and perhaps erroneous conclusions. The biearietv of DS17 in Figure 7 is just
one out of 136 possible ones. A proper multivariate analyfdise dataset can be addressed
with MVE, MCD, S, MM estimation or with the Forward Search apgch using functions
FSMandFSMeda

FSM implements an automatic outlier detection proceduescidbed in Riani, Atkin-
son, and Cerioli (2009), which has a simultaneous size ¢t#gs nominal 1% and a great
power. In this method, a series of theoretical simultanemmdidence bands (envelopes)
associated with the quantiles of the distribution of theimum Mahalanobis distance,
provide an objective basis for decisions about the numbeudfers in a sample. This
detection method can be applied to the full set of DS17 vasabsing

out = FSM(X) .

Then,out.outliers will contain the list of the units declared as outliers, 12, 25,
38, 46 and 50. Recalling that in this biopharmaceutical lgrolunits are individuals care-
fully selected to produce negative control samples, tlaistion of outliers seems too high.
An excessive number of outliers suggests that the distobudf the data is likely to be
non normal. In this case, the user can exploit opbonflev to force the procedure to
stop when the trajectory exceeds for the first time the vengeovative 99.9% Bonferroni
bound,

out = FSM(X,'bonflev’,0.999) :

out.outliers still contains five outliers (units 12, 21, 25, 38, and 50)jchkhs an in-
dication of strong non normality. In such a situation one rimgymproving the analysis by
using a transformation of the data.
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6.2.3 FSMtraand FSMfan

In the extension of the well known Box and Cox (1964) familyntaltivariate responses
there is a vectoh of v transformation parameters, one for each ofithesponse variables.
out=FSMtra(X) implements the monitoring of maximum likelihood estimatésans-
formation parameters and the likelihood ratio test siatistr transformation. The main
fields of the output structure aait.MLEtra , with the MLE of transformation param-
eters along the search, andt.LIKrat , with the associated likelihood ratio tests. The
specific nature of DS17 suggests to estimate a common tramstion value for all vari-
ables that can be done by setting the optional paranmtetambda’ to 1. Figure 8
shows the likelihood ratio test plots obtained using funcEkSMtra as follows

[out] = FSMtra(X,'onelambda’,1,la0’, A,'plotslrt’,1)

wherel = [1 0-0.5-0.25. Option‘plotsirt’ , When set to 1, provides the graph-
ical output. Optiorfla0’  controls which values of the transformation parameterg hav
to be tested. For exampla0 = 1 tests the hypothesis of no transformatiaf = 0
tests the logarithmic transformatida = -0.5 tests the reciprocal of square root and
la0 = -0.25 tests the reciprocal fourth root. From the plots it is cléamt tDS17 must
be transformedX = 1 is totally inappropriate) and that the most promising tfarmation
parameter is\ = —0.25.

FSDA also includes a confirmatory test for the suggestedfoamations (Riani and

A=1 A=0
200 10
150 8 /
6 /
100
4 m\
0
30 35 40 45 50 30 35 40 45 50
A=-05 A=-0.25
8 8
6 6
4 A 4
2 N 2 0
0 0
30 35 40 45 50 30 35 40 45 50

Figure 8: Likelihood ratio test plots obtained usif§Mtra for testing the transformation
parametera = 1,0, —0.5, —0.250n DS17. A common value ofis tested for all variables.
Throughout the search the test should be smaller thgh@f 1 degree of freedom at a
desired confidence level. The two horizontal lines refehto35% and 99% levels of the
X7 distribution.
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>> out = FSM(X.”(-0.25));
Signal detection loop
dmin(45,50)>99.9% and dmin(46,50)>99.9% and rmin(44,50) >99%
Signal validation
Validated signal
Start resuperimposing envelopes from step m=44
Superimposition stopped because d_{min}(45,48)>99% enve lope
$d_{min}(45,48)>99%\% envelope
Subsample of 47 units is homogeneous
Final output
Number of units declared as outliers=3
Summary of the exceedances
1 99 999 9999 99999
2 8 6 5 1

Figure 9: TheFSMoutput displayed in the MATLAB command window.

Atkinson 2000) based on the monitoring of (signed squar§ fikelihood ratio for testing
Hy : \; = A¢, where the default value of¢ is [-1,—0.5,0, 0.5, 1]) when all the other
variables are transformed as required. For example to peoduconfirmatory plot (fan
plot) for each of the 17 variables using an expansion baségedive most common values
of A\, while transforming all the other variables using the reagal fourth root, we can use
the following syntax:

[out] = FSMfan(X,-0.25 *ones(1,17))

If we now again apply FSM on the data transformed using thepgmameter value found
with FSMtra and FSMfan, i.e. if we run

[out] = FSM(X. (-0.25))

we find that only three units, namely 12, 32 and 38, are detlaseoutliers. During the
execution of the code, information on the status of the Fadv&earch run is displayed
in the MATLAB command window, shown in Figure 9. In the ligginthe “Signal detec-
tion loop” segment refers to the detection rule based onemrive excedences, while the
“Superimposition of the envelopes” refers to a validatitrage of a potential signal that
exceeds the envelopes.

6.24 FSMeda

FSMeda has exploratory purposes. It enables to storage efies f quantities along
the Forward Search (Mahalanobis distances (MD), minimum &diside subset, maxi-
mum MD among the units belonging to subset in each step aredt tghts). Through the
joint analysis of the plots which monitor the progressiothef statistics along the Forward
Search, it is possible to detect the observations thatrditben the bulk of the data. These
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may be individual observations that do not belong to the gg¢meodel, that is outliers. Al-
ternatively, there may be a subset of data that is systeatigtdifferent from the majority.
The monitoring of the progression of the statistics alorgygearch not only enables the
identification of such observations, but also lets us apprtie effect that these observa-
tions exert on parameter estimates and on inferences aloalglsrand their suitability.

FSMeda can, for example, be used to explore the complextsteuof DS12. As an
example, we can try running the Forward Search from an irstibsetosl chosen within
the first group of DS12 which, based on the very partial viewigtire 1 (right scatterplot,
‘x" symbols), seems to deviate from the other two. This is doitle w

[out] = FSMeda(Y,bsl,init’,13,'plots’,1,'scaled’,1)

whereinit  specifies the point where to initialize the search and startitaring the diag-
nostics.init  is setto 13 because DS12 has 12 variablescmidmust be formed mainly
by units in the ¥" group. Figure 10 shows the graphical output of the run, & glonini-
mum Mahalanobis distances (scaled, using opsoaled’  set to 1) where the first big
jump above the 99% envelope occurs precisely at step 17istlathe step prior to the
inclusion of the first unit from the two other groups. The sewldlecrease of the distance,
even below the lowest% confidence envelope, is due to the big change in the position
of the centroid and gives a strong signal that the minimum &ltobis distance is much
smaller than it should be. The excedance of the lower enedigguently happens when
the data in the subset contain observations from more tharpopulation. This corrob-
orates the conclusion that DS12 cannot be treated with #melatd models based on just

16 T T T T T T T

12}

10

Monitoring of scaled minimum Mahlanobis distance

10 15 20 25 30 35 40 45 50
Subset size m

Figure 10: Progression of scaled minimum Mahalanobis nicgtanonitored witi-FSMeda
for dataset DS12, starting from units chosen within the greiich seems rather distinct
from the other two. The three dashed lines respectively tefé%, 50% and99% confi-
dence levels.
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one population and perhaps suggests reconsidering theigogal setting giving rise to
such dis-homogeneous populations.

The output structureut obtained by functio-SMedacontains many other statistics,
which can be plotted separately with minimum effort. Thestude the monitoring of Ma-
halanobis distances for all unitsyt.MAL ), the units belonging to the subseu.BB ),
the minimum Mahalanobis distance of units outside the duybs&mmd ), the maximum
Mahalanobis distance of units inside the subset.msr ), the elements of the covariance
matrix (out.S2cov ), and others.

6.2.5 Smult and MM mult

Smult andMMmult compute S and MM estimators in multivariate analysis. Svesirs
are robust estimators which have the highest possible ffeak point (0.5). Unfortu-
nately S-estimates with a smoaqitiunction cannot simultaneously have a high breakdown
point and high efficiency (Maronna, Martin, and Yohai (20Q$)131). In particular, it was
shown that an S-estimate with breakdown point equal to Os5ahaasymptotic efficiency
under normally distributed errors that is not larger the88(see Hossjer 1992). So these
estimators are mainly used as starting point in the MM proced/ohai (1987). In the
FSDA implementation, the fast S algorithm for multivari&deation estimation is for the
moment only based on Tukey’s biweight function.

MMmult(X) receives an S-estimator as starting value and an M estimatioifixed
scale and re-descendingTukey biweight function is used from there. The default nom-
inal efficiency which is used is 95%. The core of the algoriibra function that can also
be used as standalone, if the user supplies directly anastiof location locO ), shape
(shape0 ) and scalequxscale ): MMmultcore(X,loc0,shape0,auxscale) t
does iterative reweighted least squares (IRWLS) steps froitial location” (locO ) and
shape matrixghapeO ) keeping the estimate of the scatikscale ) fixed. The graphi-
cal output of running the two estimators on DS17 (after ti@msing the data with negative
fourth root) and using a simultaneous Bonferroni confiddaeel of 99% is shown in the
left panel of Figure 11.

conflev = 1-0.01/(size(X,1));
[outMM]=MMmult(X."(-0.25),’plots’,1,’conflev’,confl ev);
[outS]=Smult(X."(-0.25), plots’,1,'conflev’,conflev );

In this case, the outliers declared on the basis of Mahalardistances from S or MM
estimators would be too many. As usual, details on the cowotfeoutMM andoutS are
found in the FSDA help pages.

Huber and Ronchetti (2009) pointed out (Section 7.12, p.-19H) an inherent insta-
bility of S-estimators which, in their opinion, even “disgifies an estimate from being
called robust”. The problem has to do with the use of re-sargphethods for solving the
S-estimation minimization problem (locally, unless alkpible subsamples are extracted)
and, therefore, goes beyond S estimation. Due to re-sagyplins starting from different
extracted samples are likely to produce different estinsatwith a lack of reproducibil-
ity which is disturbing. To give more stability to resamgtbased estimators, FSDA has
adopted the efficient sampling strategy mentioned in Seetiovhich allows to increase
considerably the number of extracted subsets without rimgyin critical degradation of
computational performances.
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6.2.6 MVE and MCD

Functionsmcd and mve implement the Minimum Volume Ellipsoid (Rousseeuw (1985))
and Minimum Covariance Determinant (Rousseeuw and VarsBeie (1999)) estimators.
MCD is given by the subset éf out of n data points with smallest covariance determinant.
The location and scatter estimates are therefore the meba anltiple of the covariance
matrix computed ork such points. Similarly, MVE is built by looking at the smate
volume ellipsoid that covers points. In FSDA the fraction ot points is chosen implicitly
by setting the optional parameter for the breakdown pdidf, which by default i9.5.
For examplebdp=0.25 implies that approximately = 0.75n points (the exact formula
is more complex) will be used by the estimators.

These methods assume that the number of observations @&sablBmes the number of
variables (Rousseeuw and van Zomeren 1990), othefydpeshould be decreased from
the standard.5 to smaller fractions, e.d).25 (Verboven and Hubert (2005)). Note that for
DS17 this rule of thumb is not fulfilled and, thus, in this céise results should be taken
with caution.

As for the S and MM estimators, graphical output includespiot of the robust Ma-
halanobis distances, shown in the right panel of Figure dd the scatterplot matrix with
the outliers highlighted with different symbol. As an ilttetion, we show the matrix of
scatterplots of the first five variables of DS17 against edlcbrqFigure 12). Note that the
histograms along the diagonal account for the differennelas that are present in each
bin, grouping them by type (normal units and outliers).

These graphical outputs have been obtained using a sireolianBonferroni confi-
dence level of 99% and 25% breakdown point with the followgnde:

conflev = 1-0.01/(size(X,1));

bdp = 0.25;
[RAWmMcd,REWmcd] = ...
mcd(X.”(-0.25),’plots’,1,’conflev’,conflev,’bdp’,bd P);

[RAWmMve,REWmve] = ...

Robust MM Mahalanobis distances Robust (reweighted) MCD Mahalanobis distances
150 150 -
8
* &t 32 3 100 * 2 ¢
100+ 42 g2 21 2 3
#2345 @5 0
50 50k
o0 o
O ) @)
9000679 000 P © P00,% 0o KX 0% 9 |96 000 O% O oo, coad® 96X %06%

0
0 10 20 30 40 50 0 10 20 30 40 50

Robust S Mahalanobis distances Robust (reweighted) MVE Mahalanobis distances
150 150 -
38
gs & g2 38 100} 2 36 &2
100f 42 d 31
@2 30
50 501
o o o
o o 0 %o 04 O
0006790 000 0 0 P © c0ee® 9o’ 0 % 9 0 06600599 0g0 079 "o P © 00a® 2670

0
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Figure 11: DS17, transformed with negative forth root. gét of robust Mahalanobis

distances found with functiofdMmult andSmult (left panels) anancd andmve (right
panels).
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mve(X.”(-0.25),’plots’,1,’conflev’,conflev,’bdp’,bd P);

The output of the two estimators consist of two structures\R&nd REW. RAW refers
to the standard raw MCD or MVE; on the other hand, REW refeithéoalgorithms with
re-weighting step. The structures contain several fieldsluding the location and co-
variance matrixlpc andcov ), the correlation matrixqor ), the units forming the best
subsetlfs), the robust Mahalanobis distancesd], the list of the units declared as outliers
(outliers ) using confidence level specified in the optional inpomflev  (default is
0.975) and the number of subsets thought to be singsitagsub . It is worth mentioning
that the estimated output covariance matar\, re-weighted or not) is based on con-
sistency and small sample correction factors. The comgigtéactor is based on thg?
distribution and on the ratid/n (see Tallis (1963) or Butler, Davies, and Jhun (1993)).
The small sample correction factor is due to Pison, Van Aated Willems (2002) to make
the estimator unbiased.

A disadvantage of MCD and MVE, as we have seen in Figure 1haisthey tend to
declare a larger number of outliers than predicted by thdd&omni bound when the sample
size is small. This is because they make substantial use esymptotig? approximation
to the distribution of robust (re-weighted) distances,chimay be far from accurate even
for moderately large sample sizes. A much more accurateogjppation, that can work
well whenn /v ~ 5 or even smaller, is due to Cerioli (2010) and for MCD is impéstted
in optionbetathresh

6.2.7 Fast algorithmsfor Sand MCD estimators

The MCD and S implementations exploit respectively the catafonally efficient algo-
rithms of Rousseeuw and Van Driessen (1999) and Salibiareaand Yohai (2006). In
FSDA the fast algorithm is fully controlled by optional pareters including:

e nsamp, the number of subsamples to be extracted (defaalils

~4 2

o
+

-

xnZ 3 =4 X5

Figure 12: The first five variables of DS17, transformed wegative forth root, are plotted
against each other with outliers found by MCD highlightedt&ithe histograms, which
account for the different elements that are present in eacfnbrmal units and outliers).
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e refsteps , the number of refining iterations in each subsample (defa8).

e reftol , the tolerance for the refining steps (default(s®).

e refstepsbestr , the number of refining iterations for each best subset (tiata
50).
e reftolbestr , the tolerance for the refining steps for each of the bestetsljde-

faultis 10719).

e bestr , the number of “best locations” to remember from the subsesppvhich
will later be iterated until convergence (defaulbis

6.3 Robust regression analysis, transfor mations and model selection

The group of functions implementing robust regressionnestiors is structured almost
specularly to the multivariate counterpart and included$l, LMS, LTS and the For-
ward Search estimators. These functions will be brieflyouiiced in Subsection 6.3.3
after demonstrating a set of tools for automatic transfdiomaand model selection.

Such tools exploit the data-driven flexible trimming pradby the Forward Search to
choose regression models in the presence of outliers. Bestibn 6.3.1 we use monitoring
of the score test statistic to test whether the responselmusansformed. The resultis the
so called forward score test discussed in Atkinson and Rg002b). In subsection 6.3.1
we address the issue of robust model selection, using thréditsonal results on the added
t-test (Atkinson and Riani 2002a) add in the forward search (Riani and Atkinson 2010)
and a powerful new version of ti, plot, which is known ageneralized candlestick plot

The data chosen to illustrate how these procedures workam¢asurements on ozone
concentration used by Breiman and Friedman (1985) whenduating theACE algo-
rithm. These are a series of daily measurements, from thiemieg of the year, of ozone
concentrationy) and eight meteorological variableXY; . . ., Xg) in California. Atkinson
and Riani (2000§3.4) analyse the first 80 observations and find that a timel t{€ivne)
should be considered as one of the explanatory variablggtfier with the constant term,
we therefore have = 10 explanatory variables.

6.3.1 Analysisof transformations

The plot monitoring the score test statistic for transfaroragiven in Figure 13 is produced
using the following code:

load('ozone.txt’,’ozone’);

y=ozone(:,9);

% Add a time trend to design matrix X
X=[(-40:39)" ozone(:,1:8)];

% Produce the fanplot

[out]=FSRfan(y,X, plots’,1);

The plot, that for its characteristic shape is known daraplot, clearly shows that the
response must be transformed by taking logs. The evidemdeaftsformation is diffused
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Figure 13: Ozone data: fanplot. The two horizontal bandsespond to the 0.5% and
99.5% quantiles of the standard normal distribution. Tlagettory for the logarithmic
transformation progresses within the bands throughoutehech.

throughout the data and does not depend on the presenceiotifzarobservations. More
precisely, the hypothesis of no transformation starts tbéeejected fromn around 60.
The fan plot can be made dynamic using functianplot and optiondatabrush

fanplot(out,’databrush’,1)

The user can select one or more trajectories inside thedars soon as the user releases
the mouse button, the following output automatically appea

1. In the command window the list of the steps which have beeshed (it is also
possible to select non consecutive steps) and the list airifie associated with the
brushed steps together with their entry order.

2. The scatter of the response (transformed as specifieciadbociated score curve
which is selected) against each explanatory variapkplpf), with highlighted the
units associated to the selected steps in the fanplot. ippitusing a simple click
on the marker in the legend, it is possible to hide/show tlsloed/unbrushed units.

3. A plot of monitoring scaled residuals with highlightecetirajectories associated
with the selected units in the fan plot. In this plot it is pbssto select additional
trajectories by simply clicking on the mouse on a particalawve. After a click with
the mouse, a pop up yellow window automatically appears ¢s&al rectangle at
the bottom of the right part of Figure 15) which lists the sraissociated with the
selected trajectories together with their entry order.

For example, if the user selects the last two steps in theecasgociated with = 0.5,
which cause a strong rejection of the null hypothesis thafptioper transformation is the
square root, the additional information which is displayeshown in Figures 14 and 15.
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>> fanplot(out,’databrush’,1)
To brush, with the mouse select steps in the FAN plot
Brushed steps
79
80
Associated brushed units
71
53
Steps of entry of brushed units
79 71 NaN NaN NaN NaN NaN NaN NaN NaN

80 53 NaN NaN NaN NaN NaN NaN NaN NaN

Figure 14: Ozone data: information which automaticallyegog in the command window
if the user has selected the last two steps in the trajecgsycgated to\ = 0.5 in the fan
plot of Figure 13. Unit 71 joins the subset when= 79, while unit 53 enters the final step.
The series of NaN indicates that no other unit joins the duibgbe selected steps.

6.3.2 Robust modedl selection

Monitoring thet-tests for individual regression coefficients in the fordvgearch fails to
identify the importance of observations to the significant¢he individual regressors.
This failure is due to the ordering of the data by the seartlis mecessary therefore to
use an added-variable test which has the desired propsnties the projection leading to
residuals destroys the effect of the ordering. In order taitoothe evolution of the added
t-test we can use the following simple code:

% create variable labels
IabelS:{1Time’,’1",2,”3’,,4’,’5,”6,”7’,’8’};
[out] = FSRaddt(y,X,’nameX’ labels,’plots’,1);
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Figure 15: Ozone data: additional plots which automatycagtipear if the user has selected
the last two steps in the trajectory associated te 0.5 in the fan plot of Figure 13
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Figure 16 shows that variablEime is clearly significant while, for example, variable 1
fluctuates around O and is certainly the first which could Ipeoreed in an iterative proce-
dure which deletes the least significant variable at eachtite.

If the user decides to consider all possible submodels éséhection of the best model,
generally the statistic which is used is Mallo@s. However, this statistic being an aggre-
gate statistic, that is a function of all the observationgfess from the well-known lack
of robustness of least squares and provides no evidenceeathehor how individual ob-
servations or unidentified structure are affecting the @hoif model, so it is necessary to
consider its forward version. FunctidfSRmsstores the trajectories @f, for the best
models (i.e. the models which, over the central part of tlegcde had one of the three
smallest values af’,). For example the code below

[outms]=FSRms(y,X,’smallpint’,4:6,’labels’,labels)

stores in matrboutms.MAL the values of’;, monitored along the forward search in the
range of values gb from 4 to 6 for the best models. In order to summarize the médron
contained inoutms.MAL , the user can produce the “candlestick” plot (see Figure 17)
simply using the following code

cdsplot(outms,’laboutl’,1)

The vertical lines in the plot summarize the values over #eral part of the search. The
definition of the candlesticks is:

- Lowest Value; minimum in the central part of the search;

Time

Deletion t statistics

e NUUREREN =8 o)

30 40 50 60 70 80
Subset size m

Figure 16: Transformed Ozone data: forward plot of the 9 dddeiablet-statistics.
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- Central Box; mean and median of the values in the centralgbdine search; filled if
the mean is greater than the median;

- Stars; the values in the final part of the search, if theseutside the box. As default
the last 5% of the steps form the final part. However it is guesio use option
finstep  to specify the central and final part of the search;

- Unfilled Circle; the final value.

Thus, each point in the standard non-roblstplot is replaced by a single vertical line
and a series of extra symbols. Optitaboutl’ specifies whether to add the labels
of the ‘influential units’ that is the units which enter thebset in the final part of the
search (in this example steps 77-79) and bring the valueeof’thbelow the minimum
or above the maximum value of the central part of the searobreMrecisely, by setting
'laboutl’,1 we display just the unit number close to its symbol. On theoltiand, by
setting’laboutl’,2 , the software adds both the unit number and the associatad en
step. In the remaining cases (default), no label is addduetplbt.

For example, this plot clearly shows that the model with arptory variable§ ime,
X4, X5 andX¢ has values of, which lie well inside the.5% and97.5% confidence bands.
However, in the final step (see the circle) the valu€'pfs above th&7.5% threshold. On
the other hand, for example, the model with explanatoryabdeisT ime, X,, X5 and Xg
shows values of’, which are much greater than the threshold provided by level,
but only in the final steps the values@f return inside the confidence interval of acceptance
(masking effect).

Also the candlestickplot is dynamic. Simply adding the optipbrush as follows
cdsplot(outms,’cpbrush’,1,’ laboutl’,1),
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Figure 17: Ozone data: generalized candlestick ploCigim) for the best models in this
range withp = 4,5,6. The horizontal bands deno2e5% and97.5% bands ofC,. The

candles which have a background stripifue, X4, X5 X¢ andTime, X5, X5 and Xy),
denote the two models selected by the user.
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itis possible to highlight with the mouse the models of iagtiin order to examine in detalil
the associated trajectories @f along the forward search. For example, if the user simply
selects the two models discussed ab&ver(e, X4, X5 X5) and ((ime, X5, X5 and Xy),

the plot which automatically comes out is given in Figure 18.

6.3.3 Robust estimatorsin regression

The Forward Search in regression is implemented by funeE@RandFSReda.

FSRis conceived for outlier detection. Inference is made byn@rang the trajectory
of the minimum deletion residual among observations thatrat in the subset. As in
the multivariate case, the signal detection rule is basetbosecutive exceedances above
the extreme envelopes. This procedure has a size whichysclese to the nominal and
an average power which is generally greater than that of eoatte methods (Torti and
Perrotta 2011).

FSReda implements the Forward Search approach for exploratorg daalysis, by
storing along the search many regression statistics sucbsahials, leverage, minimum
deletion residual outside subset, maximum studentizeduals units belonging to subset
in each step and other tests. Then, the record of such &stsin be plotted in traditional
or interactive graphical displays.

LXS implements Least Trimmed Squares (LTS) and Least Mediamqoaes (LMS,
Rousseeuw 1984) estimators. In these estimators the pageeof trimming is fixeda
priori and can be controlled using optibn As in the multivariate counterpart MCD (see
section 6.2.7)h is linked to the breakdown point in optidmdp. Using optionrew it
is possible to choose between their raw or re-weighted aessiOptionrnsamp controls
the number of samples to extract to find the estimator. An maod parameter ifms ,
controlling the type of algorithm used. Defaultimss=1 , which is to execute LMSms=2
runs the FastLTS will all default options, otherwisénifs is a scalar different from 1 or 2
standard LTS is used without concentration steplendf is a structure, the fast algorithm of

Number of selected search =2 small p=5
30 T T T T T T T

Time,2,5,8

ri
10.975

0.5

0.025
80

Subset size m
Figure 18: Ozone data: forward plots ©f(m) for the models the user has selected with

the mouse in the candlestick plot. The almost horizontadiare associated with 2.5%,
50% and 97.5% critical points of the distribution@f during the search.
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Rousseeuw and Van Driessen (2006) (with concentratiossiepsed with the possibility
to control different aspects of the algorithm, by setting #ame fields listed in Section
6.2.7 for the multivariate counterpart.

Sreg andMMregimplement S and MM estimators in linear regression. In thed p
cedure, similarly to what happens for LXS, the breakdowmpisi fixed a priori. Once a
robust estimate of the scale is found, one can obtain a nowmiificiency by using the S
estimate as the starting point for an iterative proceduwaditey to MM estimators. When
calling these functions, it is possible not only to set upogllions seen for function LXS,
but also a series of additional options to solve the equdtiothe scale.

6.4 Interactive Statistical Visualization

This section describes some of the FSDA graphical intevadtiatures. The emphasisis on
the general interactive paradigms adopted in FSDA. Thesdiwork was initiated by the
need to simplify the extraction of information from the numes forward plots produced
by the Forward Search, which would require otherwise teglamihoc programming of the
traditional static plots (Perrotta, Riani, and Torti 2009hese features have now being
extended to almost all robust statistical graphics fumstion FSDA.

6.4.1 Brushing logically linked objects

In Figures 13, 15 and 17 there are examples of interactivis plbere a selection made
by the user on objects in a given plot is highlighted also ireoplots, containing different
objectdogically linked with those selected. Similarly, the points in thearglots of robust
Mahalanobis distances produced by the S, MM, MVE, MCD anavaod Search methods
(Figures 11 and 20), are logically connected with a tradalenatrix of scatterplots, so that
selections in the index plot give rise to the automatic gatnem of a scatterplot with the
selected units highlighted as in Figure 12.

The link is said to be “logical’ because the points in the t&ratot of Figure 15 have
no variable in common with the scaled residual trajectanes$e right panel of the same
figure or with the fanplot trajectories of Figure 13, where #election was done. Note
that the native brushing tool of MATLAB does not work on thedgects, as it is limited to
objects physically linked by at least one variable in commbmour knowledge this type
of logical link has not been exploited so far by other stai#dtibraries.

Brushing is enabled by the very flexible optidatabrush , which is implemented in
two modalities. Anon persistenmodality, where the selection can be made by the user
only once, and persistentmodality, where the selection can be repeated multiplegime
In addition, there is a persistembn cumulativdrush option, where every time a brushing
action is performed previous selections are removed, acdnaulativeone where each
selection is highlighted and appropriately reported inldgend of the graphs involved.

The non persistent modality with all default options is ai¢a wherndatabrush is1
(or any other scalar). It also works whparsist  option is set to the default empty string
” . To change the values of one or more options, it is sufficedefinedatabrush as a
structure with the field names of the option(s) to change laaddrresponding field value(s)
set as desired. Most of the brushing options are specific t8@AFinternal function,
selectdataFS , which is activated whenever a brushing operation is reedesy the
user. The persistent modality is activated by pleesist  option, which to be cumulative
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has to béon’ (then unit(s) currently brushed are added to those prelyjitugshed, with a
different color) and to be non cumulative has todf€  (when a new brush is performed,
units previously brushed are removed).

6.4.2 Filtering and annotating objects

FSM has found automatically on DS17 (after appropriatestfiammation) three outliers.
Figure 9 shows the function output. A graphical exploratdrthe result can start from
the inspection of the progression of the Mahalanobis degtdéinrough the search. This can
be obtained with the graphical functiomalfwdplot , after obtaining the desired statistic
usingFSMeda, starting the search from a random subset or using ondysayetermined
with the technique of robust ellipses (functionibiv ):

[out] = FSMeda(X."(-0.25),bs);
malfwdplot(out);

Given that, for large datasets, there are many trajecttwidssplay inmalfwdplot  (or
resfwdplot  in regression), we have introduced optidmground andfground to
control the aspect of unimportant trajectories (e.g. ptbth a faint color) and those to be
highlighted (e.g. in boldface). In addition, it is possilbdeactivate the datatooltip, which
will display relevant information on a trajectory selectadthe user at a given step of the
search with a mouse click. For example, if the user decidegtdight trajectories 12, 32
38, to use a faint color for the unimportant units (say thogé distance smaller that 5)
and to add a personalized datatooltip, the following codopriate:

fground = struct; bground = struct;
fground.funit=[12 32 38];
bground.bthresh=5;
bground.bstyle="faint’;
datatooltip.DisplayStyle = ’'datatip’;
malfwdplot(out , ’'datatooltip’ , datatooltip , ...
'fground’ , fground , ’bground’ , bground);

The result in Figure 19 shows a selection made for unit 38eqt 48. The annotation of
the outliers confirms that the Mahalanobis trajectorieshefthree outliers have a value
comparable with that of the majority of the other units ortlyhee very end of the search.

One might also want to highlight the trajectories of the sitiitat are in the subset at
given steps of the search. The interaction modality thatawe ldeveloped for this purpose
is activated by setting the fielSubsetLinesColor , which also determines the color
used to highlight the trajectories in the subset, for exampl

datatooltip.SubsetLinesColor = FSColors.cyan.RGB

In this modality if the user does repeated left mouse clickthe proximity of steps of
interest, the trajectories of the units belonging to thesstibt the selected steps are dynam-
ically highlighted. A right mouse click terminates thisesgtion modality by marking with
a up-arrow the last selected step. The process is very dgreamdi cannot be reproduced
by one or more figure snapshots.

Sometimes one may also want to remove redundant or unwamftauniation from a
plot. For example, the left panel of Figure 20 which showsititkex plot of the robust
Mahalanobis distances generated with
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MD equal to: 16.01

Step m=43

Unit: row 38

Unit entered in step m=49

Mahalanobis distances

30 32 34 36 38 40 42 44 46 48 50
Subset size m

Figure 19: Optiordatatooltip is activated by the user to get information about specific
units (unit 38 in the example), the last step when they ehtestibset/;=49), and the value
of their Mahalanobis distances (MD=16.01) at the seledieplssof the searcm{=43).

conflev = [0.95 0.975 0.99 1-0.01/(size(X,1))];
malindexplot(out. MAL(:,end-3).”2,17 , 'conflev’ , confl ev);

while the right panel shows what the user gets by clickinghvifite mouse on three of
the four confidence band legends: the unwanted bands desappé the correspond-
ing legends are displayed in greyish. This modality is atéd by a function called
clickableMultiLegend and is generally applicable to many other FSDA graphical
objects. For example, in the scatterplot matrix of Figureth@ blocks of the grouped his-
tograms relating to the detected outliers and the corretipgreircles would become both
transparent if the user clicks on an outlier legend thag likthis specific case, has not
necessarily to be in the Figure concerned. In such a caseth@objects associated to the
outliers in the figure, where the legends are located, woislgpgear. To our knowledge,
this feature is new for general scatterplot matrices.

7 Developments

Like other well maintained statistical software librafiESDA is constantly enriched with
new functions and methods. Future releases will graduatggrate methods of Principal
Components, Discriminant Analysis, Cluster Analysis ammhlsmear Regression.
The feedback received from many users (a functional maiibotboxfs@unipr.it

is associated with the FSDA) advocates for friendly graphiser interfaces to the most
important statistical, visualization and data acquisiémd transformation functions. Oth-
ers advance the need to address big datasets and big arikecii datasets or, in other
words, the need of very scalable statistical functions.
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Figure 20: Index plot of robust Mahalanobis distances famgformed DS17. The plot can
be brushed to produce a matrix of scatterplots with selaatéd highlighted as in Figure
12. On the right panel, FunctiotlickableMultiLegend has activated a graphic
modality to hide or show symbols inside all active plots (omikr multi-plot) by clicking
on the legend.

Scalability issues go beyond the performance aspectsstisdun Section 4 and require
reconsideration of even very fundamental (and thus verg)usgatistical functions. One of
such functions is the median of a set of values, widely usexpplications requiring the
repeated application of robust estimators. An exampledasMidian Absolute Deviation
(MAD) criterion, which is used to robustly standardize tlaadin many robust procedures,
e.g. the MCD. MATLAB computes the median with the standartexpensive approach
of sorting the numbers, which takégn log n) comparisons, while just the middle element
is needed and the ordering of the others is of no interesttalisgcs this problem was
already touched by Tukey (1978) and more recently (focusioge on storage than time
aspects) by Rousseeuw and Bassett (1990). In computecsdianissue has been tackled
as a particular case of treelection problemi.e. finding thei-th order statistic in a set
of n distinct elements, with a minimum number of comparisons.teNbat an efficient
algorithm for the order statistics can lead to a considerapkedup of the fast algorithms
of the MCD and LTS estimators (Sections 6.2.6 and 6.3.3).atn $uch algorithms are
based on repeated concentration steps, each one reghigiegttaction of thé-th ordered
value of an objective function (the covariance determimaurthe sum of squared residuals
respectively), which is typically done (inefficiently) aftsorting the full set of. values.

Good overviews of the selection problem issue are in the $@dinuth (1998), p.
214-215 and Dasgupta, Papadimitriou, and Vazirani (20085061, together with an
efficientO(n) divide-and-conquer solution which in more than 20 yearsavagved from
using at mosb.4305n comparisons (Blum, Floyd, Pratt, Rivest, and Tarjan 1983)35n
comparisons (Dor and Zwick 1999). We are testing this typsotdtion in view of intro-
ducing in FSDA fast versions of the median and order staesigtinctions. For example we
observed that the default algorithm provided by Cxth(_element ), derived from the
quicksort of Hoare (1961), leads in practice to a 50% gainvanage, at least for sets of
100 to 500 elements.

Of course there are other functions that may have to be asittes improve scala-
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bility, but the median and order statistics examples wkiktrates the related benefits and
complexities.

We are also testing the potential benefits of a different @ggr to scalability, which
is to write parallel code segments that MATLAB distributegaamatically over different
cores, CPUs and even machines or clusters. Currently thisres a separate Parallel
Processing toolbox but, in the absence of it, MATLAB simpins the parallel code in the
traditional sequential mode.

8 Conclusions

FSDA is designed to couple robust statistical methods wiiractive and flexible data ex-
ploration instruments, conceived to appreciate the effeatitliers or multiple populations
on the estimates produced by the statistical method in uséhalke seen this applied to the
index plot of robust distances produced by the well knowrusblmethods of regression
and multivariate analysis (LMS, LTS, MCD, MVE, S and MM). WaMe also seen thisin a
variety of Forward Search plots, for which the extractiomdbrmation critically depends
on the possibility of interacting with such plots.

Demonstrations have been conducted using real datasstestébd a bio-pharmaceutical
problem. We have analyzed such datasets in co-operatidntmétend users. The FSDA
was used in the preliminary exploration of their chemicahlgsis samples, for check-
ing robustly the normality of the data, finding appropriassformations for non-normal
and contaminated data and, finally, for detecting multataroutliers. We hope we have
demonstrated that these statistical tasks can be all siegpby the adoption of the FSDA
toolbox.
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